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Mathematical Models and Simulation Methods

Review in Analytical Computer Wargaming

Ta-sheng Liu
Adjunct Research Fellow

Division of Cyber Security and Decision-Making Simulation

Abstract

This article delves into analytical wargaming theories and models, with
an emphasis on mathematical models and simulation techniques. Analytical
wargaming uses quantitative analysis to assess the performance of weapon
systems, tactics, strategies, and operational concepts, offering valuable data
and insights for decision-makers. The article first clarifies the connections
among objects, models, and systems, while explaining the significance of
model simulations. The content is divided into two main sections: an
introduction to mathematical models and a discussion of various simulation
methods. The mathematical models covered include Markov chains,
Lanchester equations, Adaptive Model of War, Quantified Judgement Model,
and Richardson arms race models. The simulation techniques encompass
Discrete Event Simulation, System Dynamics, and Agent-Based Simulation.
By integrating these methods, modeling flexibility is enhanced, and complex
problems can be tackled effectively. Lastly, the article outlines the overall
simulation research process. Its primary goal is to support military researchers
and tactical analysts in navigating the intricate landscape of modern
battlefields.

Keywords: Analytical Wargaming, Modeling and Simulation, Mathematical
models, Simulation
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2 Nigel Gilbert 1 fif 3 Agent-based Models (Thousand Oaks, California: Sage
Publications, Inc.,2008), 4 7= /EfiEfE" {57 : Amodel is intended to represent or simulate
some real, existing phenomenon, and this is called the farget of the model.
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Simulation” E{EMES - EEFEREREEE |
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8 Robinson Stewart, “Conceptual modelling for simulation Part I: definition and
requirements”, Journal of the Operational Research Society, Vol. 59, No.3, 2008, pp. 278-
290.

4 Averill M. Law, Simulation Modeling and Analysis (Tucson: Averill M. Law & Associates,
Inc., 2013), 2.

5 The Under Secretary of Defense for Acquisition Technology, DoD Modeling and
Simulation (M&S) Glossary (Washington, D.C.: Defense Modeling and Simulation Office,
1998), P.2.13.24.
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BEAHRIHCJR ¢ Jau-yeu Mengq, Pan-chio Tuan, Ta-sheng Liu, “Discrete Markov ballistic missile defense system
modeling.” European Journal of Operational Research, 178, 2007, p. 577.
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(Area Fire)if - 5 SLJJHEREHVIH SR -
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Type Defender Attacker Remarks
. . dx dy 2 2 2 2
Aimed fire'!* —_——ay paa——- bxg —x*)=a(yg - y°)
dr dr
., I Iy
Area fire'"!® —=—axy ==_by b(xg=x)=a(y, —y)
dt dr
Ix Iy b, 3
Ambush'” Zawy by =(xg =x*)=a(y, =)
dr dr 2
X V,
. Ix 1y blne=® = g In==
Operational losses'” e ‘—}—: ~by ey
dr dar % . §
Early stage of small unit engagement
. dvy dy . . L
Fire supporl“' T ==qay— Ax T ==bx—uy supporting fire not subject of attrition
dt ¢
2 e dx X dy v o . g
Fire effectiveness'®!® —=—a(t)x yxhl = === =b(1)x X Xlr(‘— h: inefficiencies of scale’
dt y dr X
o i s 2% dx ; y v G D, G universal constants
Historical attrition law'>!3!1 == e —=—e P AN N
dt dt C, F: varied coefficients
dx ¥ Yoo ¥ [, Xgps Vgp . the inherent ineffective
w— (] [ (] i)y Y Xog =X Ji1+2gps Vpp - € CTC cliccuive
G eak noiatlns g o JENTS Lt Y, e b PN bty LD i i
Attrition and break point d Yo~ Vap P (=17 X “'(:—»"zfl-) fraction and break-point of x, y
Ix . 1y "
‘T =-ay+ X ‘T ==bx+Y
Ty dar dar r v aim
Reinforcement'* X, Y: reinforcements rate
dx . dy .
—_—=—qy=cx + X ——=—bx—dy+}
dr ) dr
. dx r. dy Povii gy T,i Vs p:maximum effective
Range dependent kill-rate'®  =—==—a,(1-=)"y —==-b(I-—)"x .
dt [ 7 dt Ty range of weapons; range dependence

o) e q ) § S oy e arameters 7, V :opening range of
Attrition rate coefficients and ¢ Y P (T dy ro—r 1= parameters 7, I 2 rang
. —=_A”(’+-"\'—“)‘ ¥ W:-k,,(/+.u‘+“+.%)l'.\-

range (Mobile attack)'*" dr battle, attack speed
Vulnerable area'"" dy __Yrav o & Yxay
Small arm dt Ay dr Ay v, a,, a,, A: fire-rate, vulnerable
: dx  Vydp, dy vyarg area, lethal area and presented area
Large lethality — e s X)) —_— e ——yy
= k dt Ay dt Ay
3 dy y - . shift rate fre area fire aime:
Guerrilla warfare'™" - —a(ny & b(-e7 ") +bye W ¥« shift rate from area fire to aimed
dr di fire

BBl A ¢ Jau-yeu Mengq, Pan-chio Tuan and Ta-sheng Liu, “Conceptual Lanchester-type Decapitation
Warfare Modelling”, Defense Science Journal, Vol.57, No. 4, 2007, p. 453.
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ZE PRI R F RGBS B R - a5 AE = BIBHRUR T
Ry i DB AR ORI AL T EE A AL » 1] Joshua M. Epstein® 1E
1985 FHERUIrR e =R 7 =EMR—E - BrRRI AHEFZ —

1. ROAWERET T HOR | AVERLE -
2. R T ZEEHEAUR ) HIRES -
3. REE LI THEFEEIRBER IR -
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Y B S8R - BB ST ERE SR E I E R - T RE SRR
AR R TR B AR P (B - T AR By — T A AR R A B i 2=
RAZERIEAE © [FlR - BT EIRR M AZ BIP5<F HRUR L2 -
Epstein RS (S RFE fy "B (FEHE ) (Adaptive Model of War)

PR TR IRER IR (B ) ZMIRVREARIL - EIEME R
B BLIEZE P BESd% (Close Air Support, CAS) » JPRKL T — il Z2 i F Bk
(Airland Battle)t7R - 52 A5 A A A EFAH H BAMER D BRAGT R R RE AL -
BE AT U S R AR TR T RSS2 - JE Fow

B E N FR A e S Y S R H B E s iR E M
{EAERRRT ZE R I SRR D - RIS R ZEAL -

" James G. Taylor, Lanchester Models of Warfare, Volume II (Monterey, California: ORSA-
Operation Research Society of America, 1983): p. 533.

8 J. M. Epstein, The Calculus of Conventional War: Dynamic Analysis without Lanchester
Theory (Washington, D.C. : The Brookings Institution: 1985), 4-13
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Trevor N. Dupuy FJY 17 HY Historical Evaluation and Research
Organization(HERO) 3£ [=7] [ [/5 Z[(U.S. Department of Defense) F15% 8
BRI {E B 47 At o0y (British Defense Operational Analysis Establishment)
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® Colonel T. N. Dupuy, Numbers, Predictions and War: Using History to Evaluate Combat
Factors and Predict the Outcome of Battles, Revised Ed. (Fairfax, Virginia: HERO Books,
1985).

LU E R Tt gt - S 43




A 3730 B IR B A SR
o1

AT B 2 R

H ) WP o ) S5 e B SE A B P rh T e i 2 (R - 10

TE B HERE TR « BRI B AANE AR R SRR SE AR S8
FECEHY > EAMERREE - 280 > IR RR U AR I S AL ER gy
TRAERCHY - EARFHES IR I F R SR AT TIE AT 7 > AT RE & B
Bkt E IR E A fR2= -

% = QIMEiTE

QIM #AEREfF:

1. SERSERERE » B SCEEE 7B /75 (complete Order
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FIRA R N REE Z PR A B - AR R R oh > W (52 A\ Bl E R -

TEfREREE ) M T EsRE:
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HHECPAVRE SNV E > AR T REN: ) - fEERE

10 Colonel T. N. Dupuy et al., If War Comes, How to Defeat Saddam Hussein (McLean,
Virginia: HERO Books, 1991).

1 Lewis F. Richardson, Arms and Insecurity: A Mathematical Study of the Causes and
Origins of War, (Pittsburgh: Boxwood, 1960).
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12° Ali Fisunoglu, “System Dynamics Modeling in International Relations”, 41 Azimuth, Vol.
8, No. 2, 2019, pp. 231-253
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per unioad dock: __ 4 =D Loading trucks, per hour. 3 =0 Minimum order size: 10 ===l 0 g o ng 0]
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16 Rainer Hegselmann and Ulrich Krause, “Opinion Dynamics and Bounded Confidence
Models, Analysis, and Simulation”, Journal of Artificial Societies and Social Simulation
(JASSS), vol.5, no. 3, 2002.
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AR MENAENEE LKL - FIUEEFNEFE
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18 Andrei Borshchev, The Big Book of Simulation Modeling: Multimethod Modeling with
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ERIARE ¢ Nigel Gilbert and Klaus G. Troitzsch, Simulation for the Social Scientist, 2" Ed., Berkshire,
England: Open University Press, 2005, p.30.
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2 John D. Sterman, Business Dynamics, Systems Thinking and Modeling for a Complex
World (Boston: McGraw-Hill, 2000): 5-6.

BRBSEEYfE B+ =% "M 55



A 3730 B IR B A SR
‘1

R B B

4,000
2,000
a - — 25 00
O sEE ki1 | R T EE e By REEE I
mEEs 0 EENA S
R
1655 |[J\:I..x
w0 =
g - -
—() —0 Bes "
5 16 Fadl Eud O
mR EE faean
13 17 [} ?,9‘5
SitEH BE o
_O O 3'-:-5‘-3:;
o a0 100 a L.oes ae
> 8 O CC EE G © s o=

Bl = 02 b sede 4 B2 2 005 B A4 H0T
HORPIOR ¢ BT

FEIEER Y - FATRIZES 48 T R BE T AR SRR - BEPRISLE
FA R BRI > (B et T RE RG] T MBI
HYJTE e ASCER By - AR AESOGR S A [R5 AR R (AR A A
B KR PR IR SRR [ Y P I T REAY Py > ISP e PR A A ]
LUEHYTT IR - #RAIEERR - &S SIEEE AR AR E 2 ~ BRA
AR - DT BB S A st L B AR R AR B, » AR 2RI F TR
It SRR R AR SN AR e — ([ ESHET R -

h - BEEAERERF

RGN AR T AN R RS T DU
BRI | TR — B0y o IEANSSEAE AR R T R sl > B —
(B LRI AR ~ Bpaa Rl IR - ERBER A o A BE LA A
REYSEREIETE -

R BT T e MEUE AW FEa T B 4G - BIRCRERAMEA - &

56  PEREH-—=F—H



AT E IR R S

I B0 R A

A EEE DT HEP B Horh R AR SR B A S B M R R A A S 1
WEFTR - S -

R R RRER BEEEE . FCERl 23R
et E BV FRAR . EBRER

EEE . ETAER
EHRE HENIE

DHTEIE

W = A § 5

BRI © BEEEFE 4p.67 ©

1. fRUMEEWTEETE
BRS¢ LU RAS R i N BT TAIERIA
(1) W/ ?
(2) EEEBEHIZERE CGEPVE R ) R ?
Q) WHRZELEB H I > LAY RE R B 7
(4) FiAE Z S -

2L [E]5: 4 67.

BB EETME B =6% "M 57



A,\ﬁ‘\ B *ﬁ;ﬂ"’ﬁ}}i%{—ﬁl w3 + :
Tt o R 2

(5) FLEZLHIMEREE CEEAERAREAM) -
(6) BHFTHIRZELFT AR EAYE -
2. AR E L
(1) e AGLEBIEFEIRTARAVE -
(2) RERERFSHE L g AR -
(3) HAHEM LA A A Y & EREC SR AE S R
(4) WFREBFNEZS - ATEEAERTSEERE (L5
6 (M) -
(5) RIEMARIFEATIE -
(6) T —EZEELGITTIF—H—HYHIE -
(7) (ERGEAVEABIRENHE - BN RN —ERH
TOHHBIAER » I A] RE LSRR RS ER R -
(8) i LJEnyE TR fEaE M R B E) -
3. EpEexaBt:
FEE RIS ~ oM N BRIREIS S o8 I AT A 2R R B RGeS
R - BHB
(1) RS (e SR IHAY IERE M Bl 5e B 1 -
(2) (REHEENABNGE) -
s

(3) {RHESHAR -
(4) 1EETREaRME RS (validate) » T DU G SE1% FERG(E
L e
4. EREESEAN kR (verify)

58 PERE——=F—H



7.

A I 9 0
BB i o

(1) FIDAGERAD C, CH++, Java 7 FRAGES » SO HH
A (40 Arena, Flexsim, ProModel, Vensim &,
AnyLogic 25 ) FEILERAGEA o Fij# Y (ERLE AR
PEHIRERE S ~ pASEE AR TR mIRERe R © 125
AMEE AR S - (R - rIRE A A B ARH R 2T

1

(2) e AR Y B A T AR

AL T
sGEITERIEIA R - SCERERREEEE - B N — D AVERES e -

Serg EAGE AR T A

(1) WRELAFHTERG - AR P B g R SH IR
ARV EREELES -

(2) FEmEl AR RTE - BEZE T BRI 5
PRI SR IR M THE -

() EMBUEM T RS E R A S E BN E
AR R T S RN R AV O R

HEiss

e E iR H i R P Y Y18
(1) EE—AAEEFERF -
(2) BRARHFR] - QR AR ERARAEE -
() (ERAFEFEREL BB R — & T RS EEE
] -

BESEETME B =6% "M 59



7B I )
‘1

R B B

9. ItTEdE > STEIEER T
(1) HeE R AR TRGE
(2) CEE{REE SR RIAYRAAE -
10. EWRIEALER
(1) e - EEREHEAIDL R BFFEAE REC sk T oK -
(2) FFEEERAYERE
A. B EE B T I g s R R SR A R Y
UNZD 3=
B. EfamaE MRS HYARRR - DL HHERIEY SO
C. WRFBMEEEARE » BHE S E L - AR
SR MEAROERE T -

R R A et — R » TP B B B A
Ve (validity) FATSEME (reliability) « R TR R S AL i 237
SR P AR T T S IR AR AR R M — B < A - R
P R B (fidelity) S RBRBEAIS R aE &35 - Bl > 7
R R T - BHEADRE B (55 6 $5ER) T REE -

R S I FF R R By T B3 » I B A2 — 0
SLIE R EETTIE AR L - 7202 b > DN R B e
RIS THR » R0 P T S D RS B ELA R -
KB BRASITORE » A BENEAR By B R A T SR BB A SR B
% -

60 HERRE——Z=ZF—H



A 4755 PR  # RCL R
PR R R 2

B - A5RE

AR SEER R A 2 3% R AR R U H Y2
BIATR » 128 R IR T BAEREG  BORAY SR B AT - FEMECRIFAY
SRR AR E R SR - R R TSR R E R AR A R -

SRR T B E B SRR G AR KAV R - (B E X
Y2 S8 - DL A Jeg AR A BE TR B A I PR - AR BB
R B > m] R 2 5 B s e EPR B (7 - H A S E
TR RS R B R H I E ] -

BN EG DB ARG TR - A0/ 8 1 2855 - 8
EL5AS ERTRL AR [EI A B 2R - mIE Rebtged TR T
AV TR - i R LR B BRI SE N B SER T T % 0
SRR > iRt 7R R > A ESREE  PTER TREE A
BPRIFREESE RAVTHM > A EHEEE - ¥ 7 AR AR A A HER
TREACE > AT Ryis SRS R B TR AR DL R

1. BN - AimEREUrRAE A  EEME R - E B HAE A
HEMEGREAHRERLY MEHE T EE  ARED e/
[E] A e TR SR 2SS SR — (EEE - P ReERaE ~ A3 &
R THR AR -

2. BEERRIRIRY: - B SR T A A R R AR - B
A > BT RS AL B G v O I SR TR AP AR E - HA R
SFAVEUERRME - Al DU T ARG IGET RS R  (HRERE
AR A R Sy UG A A B EHE S SR LI A2k -

3. BEEHARRY: - FEHY - AU aEr = RE A S A H T
R AR > SRS AR > FR AN
FY RS AY 3E F S TE A ARBE 7%

4. BIA BB KBAVSTREE MR - B o M
B+ ANE TSR - DU ETHE S - SR
SE VAR L - TS AR R A A B T T A
PERNHE R B LM ¢ A RSB R S 2R T
fF o

BB B =% "M 6l



7B I )

o B WSS 8 O 2

62

fetliE AR R Z 1% » AW FE R Ry B S AR T R A 3 g (UL
FRAERTARVERE 2 [ 45 ERigHT 3 - 3RS e S5 e -
HEMSERIR AR o ALY PUT 2RhEm A -

1.

B ERR AR R - ERHVRHR A R i B H 5] [ 4 B
Y5 EVSE R - AL T HE ) B B T HRIR ) AU E
B FVERY ~ SEIREY - BB B ) RS R - 4
AR E B R F B BR AL 1 R T RE AR [RIREITRG - (AR -
[EIZERI TS FAYHAY - A [FESRESEESRIRSHIRR - G HHE
BRI A FIRYRZ 2 o DUSTEE IR S IR AR R I iR
RIS 2 — -

SEMETAEE - BT E A SRR S o I PERIHR R
BHHES - HEH R s EtORAYRH e - SE B R E
BRI R RERH A - S ER BRI o KA
SEEBTRE S EEITE (MEEEEE - N EREEE -
BREEDEE ) DUEEHADREURLARRTRER -

BEJTANRA - FEET7EH SRR H e 85 - £ RS g
ISR AACE TR AU RS ROAGRARE - I - &S EEcE
(PSR ABER I B | SR A & 2B 12
BNV EREEE S22 158 - SR & T A R R 2R AR
S PE BT ER B G0

BATERENGS - vt A& 8 LUEH B ARUERIEIE LR
BHVEIRAGIRA TERE - (ETaE5ET BRIy R Pk
HeEHrrE - Wl bUE e E > A T ERES TG
HYATOETE - ES AT LAY ESET -

EEBCATER] o BN TR RERE S K B2 o AR AV AT
= [HEA TR T ZELUER AR T - $5asTHE
JE 4T HC Bk (Optimal Computation Budget Allocation, OCBA)HY#E
RELTA o (R ER A DIE St R S

R EARBREIPREK o AR » BRE(L - DURORE TTEARY
JilEERREE > TR EERAIZ O B RIVER AT - e - 15
RUEAS e DUCERAT M A 5 - SRR MR E AR > AR DA
TEHEHEAAR - mH A RERE R EERRARNER - H T

3 RE =4



247 IR B i
R S R

AR P R AR A AR At S (S UE B he B s B P
B -

AHTFE 5 AE DR T3 2 ERHE S AR o ey B SRR R B R 575 > R R
Fré8 TR [E] M REE A A B B AL © A1 P EE T
=l E YRR AT E > B R A BRI n F SR o A U B L
FH o 20t > ASCRRAC R AR R T AR SRR AR -
BISREH R ATRURE HY BE M - AU R AL AR AT H SRR L
Y o AL - AR R i T BRI B R 5 5 2 HLRFERSOMUE 2R/ E
HHY -

FESREET > AGed 1B AR B AR — i > A -
(RPRE ~ ERERARAE - WS 7 s SR R (a2 2 i s\ FE i L
FHAYARAC SR e « ARACH S e /7 (R R F iR BASAY ~ (BB SRS R & U775
ANTERERIIER > DURE R A PZERIF 51 - MRS L7 7AHIFF
S BB SR A — D e A AR A BB TR AE 5 M o R S AL I
TEF > TEimie Bt B NIA AR S %

BRESEETMS B =6% "M 63



-~

AT B 2 R

A 3730 B IR B A SR
NS

ZEH

NS

0

|

Borshchev, Andrei, The Big Book of Simulation Modeling: Multimethod
Modeling with AnyLogic 6 (Kindle RfA%)

Dupuy, T. N. Dupuy, Numbers, Predictions and War: Using History to
Evaluate Combat Factors and Predict the Outcome of Battles, Revised
Ed. (Fairfax, Virginia: HERO Books, 1985).

Dupuy, T. N., Johnson, Curt, Bongard David L., and Dupuy, Arnold C., If War
Comes, How to Defeat Saddam Hussein (McLean, Virginia: HERO
Books, 1991).

Epstein, J. M., The Calculus of Conventional War: Dynamic Analysis without
Lanchester Theory (Washington, D.C. : The Brookings Institution:
1985).

Gilbert, Nigel and Troitzsch, Klaus G., Simulation for the Social Scientist,
2nd Ed. (Berkshire, England: Open University Press, 2005).

Gilbert, Nigel, Agent-based Models (Thousand Oaks, California: Sage
Publications, Inc., 2008).

Ilachinski, Andrew, Artificial War Multiagent-Based Simulation of Combat
(Singapore: World Scientific Publishing Co. Pte. Ltd., 2004).

Law, Averill M., Simulation Modeling and Analysis (Tucson: Averill M. Law
& Associates, Inc., 2013).

Sterman, John D., Business Dynamics, Systems Thinking and Modeling for
a Complex World (Boston: McGraw-Hill, 2000).

Taylor, James G, Lanchester Models of Warfare, Volume II (Monterey,
California: ORSA-Operation Research Society of America, 1983).

The Under Secretary of Defense for Acquisition Technology, DoD Modeling
and Simulation (M&S) Glossary (Washington, D.C.: Defense Modeling
and Simulation Office, 1998).

64  PERE—=F—H



A 3730 B IR B A SRk

PR R R 2

=~ gifﬁ’"ﬁ_ﬁﬂ Ju] gﬁ 2

Blzd ~ HIAT - wlHEE > (BRI ARIZ L) - (B EE
H) > 1928 > B2 93 » H 42-55 -

Fisunoglu, Ali, “System Dynamics Modeling in International Relations,” All
Azimuth, Vol. 8, No. 2, 2019, pp. 231-253

Hegselmann, Rainer and Krause, Ulrich, “Opinion Dynamics and Bounded
Confidence Models, Analysis, and Simulation,” Journal of Artificial
Societies and Social Simulation, Vol.5, No. 3, 2002.

Mengq, Jau-yeu, Tuan, Pan-chio and Liu, Ta-sheng, “Discrete Markov ballistic
missile defense system modeling,” European Journal of Operational
Research, 178, 2007, p. 577.

Mengq, Jau-yeu, Tuan, Pan-chio and Liu, Ta-sheng, “Conceptual Lanchester-
type Decapitation Warfare Modelling,” Defense Science Journal, Vol.57,
No. 4, 2007, p. 453.

Robinson, Stewart, “Conceptual modelling for simulation Part I: definition
and requirements,” Journal of the Operational Research Society, Vol. 59,
No.3, 2008, pp. 278-290.

SR Suk N

IR (B BRIl o i — e ME (R AL 2 FEH ) > I
REEHBREREHE AR (R 100) > H 40 -

T~ SRR TR

Wilensky, Uri, Modeling Natures Emergent Patterns with Multi-Agent
Languages, Northwestern University, 2001. |~ &k 44 #f
https://ccl.northwestern.edu/2013/mnep9.pdf, {FH{ HHA 2023/2/4 -

I~EHE2

B (BN (M ERBUERE I B S RFAE ) - g
BRI R A - FEEYE 1660283 -

BRBSEEYfE B+ =% "M 65



AN B IE s B A St

T g s e 2

66  PERE——=F—H



